We show that the two-dimensional N = (2, 2) Volkov-Akulov action that describes the spontaneous breaking of supersymmetry is a T T deformation of a free fermionic theory. Our findings point towards a possible relation between non-linear supersymmetry and T T flows.
I. INTRODUCTION
An interesting approach in the study of quantum field theories consists in starting with an accessible model, for example a free theory, and perturbing it by means of some deformation, which induces a renormalization group flow. Mostly one is interested in relevant deformations, which keep the theory well defined in the UV, whereas irrelevant deformations change the very definition of the theory in an uncontrollable way. An exception to this statement is given by a special class of irrelevant deformations of two-dimensional theories, namely T T deformations (T being the energy-momentum tensor), since they happen to preserve some properties of the original theory along the flow [1] [2] [3] . In this letter we focus on the relation between T T deformations and supersymmetry, which has been recently investigated in [4] [5] [6] [7] [8] .
Considering a two-dimensional quantum field theory, its T T deformation can be defined by the flow equation
where T [L λ ] is the energy-momentum tensor of the deformed Lagrangian, which in light-cone coordinates can be expressed as det(T ) = T + ++ + T == − Θ 2 , where Θ = T + += = T =+ + . It is important to observe that (1) holds with the use of the equations of motion, since T is defined up to terms that vanish on-shell.
The equation (1) is non-linear and in principle hard to solve. However, in some cases a one parameter family of Lagrangians solving it is explicitly known. For example in [3, 9] it is shown that, starting from a free scalar as initial data
the T T flow equation can be solved recursively and the result is the Nambu-Goto Lagrangian
We wonder if an equivalent procedure can be followed for a purely fermionic theory. Our starting point is a free Lagrangian for a pair of 2D complex
The non-vanishing components of the energymomentum tensor are then
and the equations of motion read ∂ = G + = ∂ + + G − = 0. When trying to solve (1) recursively, at the first step one finds
using also the equations of motion. We notice therefore that, at the first order in the deformation of the free fermionic theory, a term is produced which has precisely the form of the four-fermi term in the Volkov-Akulov model [11] . This gives rise to the question if the Volkov-Akulov model is a solution of the T T flow equation, such that in the limit λ = 0 the free theory is recovered. In the rest of this letter we will verify this expectation. In particular, we will show that for the two-dimensional N = (2, 2) Volkov-Akulov model
the formula (1) holds with λ related to the supersymmetry breaking scale by 2λ
II. THE SUPERCURRENTS OF THE 2D VOLKOV-AKULOV MODEL
To facilitate the calculations we use N = (2, 2) superspace. The non-vanishing superspace anticommutators describing the two-dimensional N = (2, 2) supersymmetry algebra without central charges are
Consider a set of N = (2, 2) chiral superfields
The most general two-derivatives supersymmetric sigma-model Lagrangian describing their interactions has the form
where the Kähler potential K is a real function of the Φ i , while the superpotential W is holomorphic. To simplify the derivation of our result, we can also restrict the analysis to the case in which the Kähler manifold is flat, therefore K = Φ i Φ i , where
The equations of motion in superspace which stem from (9) read
where we defined ∂ i W = ∂W/∂Φ i . By expanding (10) in the chiral θ-coordinates, it is possible to extract the complete set of equations of motion for the component fields. We stress that (10) hold for any choice of W and for any set of chiral superfields Φ i . Along with the proposal of [7] , the N = (2, 2) supersymmetric extension of the T T deformation is given (roughly) by the square of the supercurrent multiplet. Indeed, this multiplet can be described by an N = (2, 2) superfield that contains in its component expansion different Noether (conserved) currents, such as the supercurrent itself and the energymomentum tensor. The complete set of conservation equations for these component Noether currents can be embedded into one single superspace equation. For the model (9) we are considering, the explicit form of the two-dimensional version of the FerraraZumino multiplet is given by [7, 12] 
and its conservation equation reads
where Z is a chiral N = (2, 2) superfield defined as [7, 12] 
As a check, by using the superspace equations of motion (10) one can prove that equations (12) hold. Generically, the Noether currents are defined up to improvement terms. The procedure we follow is automatically introducing such terms in order to make the currents compatible with supersymmetry. For example, when considering the energy-momentum tensor on a flat background, one can always add an improvement term proportional to the background metric, without spoiling the conservation equation. Such an improvement term is indeed important in the evaluation of the energy-momentum tensor of the Volkov-Akulov model. In the supersymmetric procedure presented below, it is automatically taken into account.
Equivalently to the four-dimensional constructions [13, 14] , a 2D goldstino can be described by an N = (2, 2) chiral superfield X that satisfies the additional nilpotency constraint
This constraint admits a solution describing the complete spontaneous breaking of N = (2, 2) supersymmetry. Such a solution is a chiral superfield with expansion [15]
where G + and G − are the two goldstini, while the field F is auxiliary and it acquires a non-vanishing vacuum expectation value. The constraint (14) is implementing a non-linear realization of supersymmetry. For future purposes, however, it is convenient to maintain supersymmetry linearly realized off-shell. This can be done by introducing the constraint (14) at the Lagrangian level, by means of a chiral Lagrange multiplier superfield M . In view of the generic model (9), we consider therefore a set
governed by a Kähler potential K = XX and a superpotential W = f X + M X 2 , where f is set to be real. The resulting Lagrangian is then
(17) We recall that, even if M does not appear in K, the previous discussion on the supercurrents and the superspace equations of motion still holds for the set (16). By varying (17) with respect to M we recover the constraint (14) and the Lagrangian takes the form
Expanding it in components and after integrating out F , the Lagrangian reduces to (7). This verifies that (7) is the two-dimensional Volkov-Akulov model describing the interactions of two goldstini. The complete set of superspace equations of motion can be obtained by varying (17) with respect to both X and M . They read
From these equations we can also derive the constraint
which was proposed together with (14) in [13] . It corresponds to eliminating only the auxiliary field F of the nilpotent chiral superfield X, but it does not imply any other equation of motion. In particular, even when imposing (20), the fermions of the theory are still completely off-shell and therefore it is possible to insert such a constraint back into the Lagrangian, without creating inconsistencies. Imposing both (14) and (20) on the Lagrangian (17), we obtain then
which is real up to boundary terms. This Lagrangian (21) is yet another way to write the Volkov-Akulov model in superspace.
We have now all the ingredients to evaluate the supercurrent superfields for the Volkov-Akulov model. Using the definitions of J + + , J = and Z from (11) and (13), the Kähler potential and superpotential of (17), together with the equations (14) and (20) we find
and
When checking that these superfields satisfy (12) once the superspace equations of motion are used, the following equations stemming from (19) can be helpful
Finally, notice that the Lagrange multiplier superfield M has dropped out of the supercurrent superfields.
III. THE TT-BAR DEFORMATION
For an N = (2, 2) supersymmetric theory, the authors of [7] propose the following form for the TT deformation
We investigate now this proposal in the case of the Volkov-Akulov model. From (22) and (23) we find directly that
and as a result we have
To study the flow equation we can identify the supersymmetry breaking scale with λ as in [6] . This means
We vary then the Volkov-Akulov action with respect to f . In particular, we can use the off-shell superspace form (18) that gives
Finally, with the use of the superspace constraint (20) and the relation (28) we find
The flow equation (1) is therefore verified for the Volkov-Akulov model.
IV. DISCUSSION
In this letter we have shown that the 2D VolkovAkulov model is a solution to the T T flow equation. We adopted a manifestly supersymmetric approach, following the proposal of [7] , but one can verify our result independently, by inserting (7) directly into (1). We performed also this calculation as a consistency check. To the best of our knowledge, we presented the first example of a purely fermionic construction that solves the flow equation (1) in a closed form. Since the deformation parameter λ is related to the scale of supersymmetry breaking through f 2 = 2 λ , the limit of vanishing deformation, namely λ → 0, corresponds to sending the scale of supersymmetry breaking to infinity. In this case the Volkov-Akulov theory (7) reduces to a pair of free fermions [16] . We notice then an interesting analogy with the case of the free scalar presented in the introduction.
Our findings also suggest a connection between T T deformations and non-linear supersymmetry, that would be worth to investigate for mattercoupled Volkov-Akulov models as well. Other systems with N = (2, 2) supersymmetry have been recently proposed in [7] and hint towards a relation between (partial) supersymmetry breaking and T T deformations. This direction deserves further study. It is also worth to investigate different types of supersymmetry breaking models, for example those in [15] , and understand which of these Lagrangians can be interpreted as T T deformations.
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